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We give a more generalized treatment of the 1D generalized Gross-Pitaevskii equation
(GGPE) with variable term coefficients. External harmonic trapping potential is fully
considered and the nonlinear interaction term is of arbitrary polytropic index of
superfluid wave function. We also eliminate the interdependence between variable
coefficients of the equation terms avoiding the restrictions that occur in some other
works. The exact soliton solutions of the GGPE are obtained through the delicate
combined utilization of modified lens-type transformation and F-expansion method
C 2014 Author(s). All
with dominant features like soliton type properties highlighted. 
article content, except where otherwise noted, is licensed under a Creative Commons
Attribution 3.0 Unported License. [http://dx.doi.org/10.1063/1.4884637]

I. INTRODUCTION

During the last two decades, with the rapid progress of ultracold physics from both theoretical
and experimental aspects, the study of quantum liquids (Bose-Einstein condensates, superfluid 3 He
and 4 He, ultracold Fermi gases, etc.) has attracted much attention.1, 2 The experimental realization
of Bose-Einstein condensation (BEC) and ensuing theoretical investigation of this hot subject are of
special interest in many aspects. One of the particular interesting features about BEC is its nonlinearity which principally comes from inter-particle interactions; moreover, the nonlinear features are
also significantly affected by external conditions like trapping potentials (generally harmonically)
that is utilized to supply confinement to the BEC system under study. With the implementation of
magnetically controlled Feshbach resonance technique, the strength and sign of the inter-particle
interaction even could be tuned from positive to negative infinity continuously so that the longpursued BCS-BEC crossover could be realized in labs using degenerate Fermi gases at ultracold
temperature.3, 4 It has become the versatile to study many interesting topics in modern physics from
condensed matter to astrophysics.
Derived from mean field theoretical approach, the Gross-Pitaevskii equation (GPE), which
describes the dynamics of BEC as a highly reliable equation in the investigation of the ultracold
BEC, has been studied widely from both mathematical and physical aspects led to many important
results. Exact solutions of such equation in specific form have been found, and are shown to be of the
type of a variety of solitons, as demonstrated in the works done by several groups.5–10 Recently, with
the amount of achievements in cold atomic Fermi gases attracting growing interests, the generalized
Gross-Pitaevskii equation (GGPE) has been proposed in order to extract analytical solutions for
dynamical behaviors; however, soliton solutions of such GGPE have not been formally investigated
in generalized analytical format. The work presented in this paper will focus on this broadened
category of GPE.
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While previous works mainly focus on the original case of GPE, where the nonlinear interaction
term involves integer power of the wavefunction (|ψ|2 ψ) or the variable coefficients of the equation
terms are restricted by certain constraint formula,5, 6 or external potential is not considered;7 we try
to investigate the more general case where the nonlinear interaction term is of arbitrary real value
power of the wavefuction (|ψ|2γ ψ) (γ is called polytropic index) with arbitrary variable coefficients
of equation terms, which is of particular interest in the investigation of ultracold Fermi gases in the
BCS-BEC crossover,2–4 the dimer BEC superfluid and Cooper-paring BCS superfluid are two limits
of this crossover while the strongly interaction unitarity regime intermediates them. It is known
that γ = 1 corresponding to BEC limit while γ = 2/3 corresponding to BCS and unitarity limits
where the scattering length diverges to infinity (+∞ from BEC side and −∞ from BCS side),2–4 for
BEC, BCS, and unitarity regimes, the behaviors of the system vary smoothly and express superfluid
properties although the value of γ is not the limit values listed above.
Up to recent years, many kind of methods have been proposed to find the exact travelling wave
solutions of some nonlinear evolution equations, like the tanh-coth expansion,11, 12 F-expansion,13, 14
Painlevé expansion,15 Jacobi elliptic function method,16 Hirota bilinear transformation,17 Backlund/Darboux transformation,18, 19 variational method,20 the homogeneous balance method,21
exp-function expansion,22 the extended generalized Riccati equation mapping Method,23 and
(G /G)-expansion method.24–32 Our problem solving strategy is specially tailored to the particular
features of GGPE under investigation, while many previous efforts aiming at finding exact analytical
solution for GPE are confined to somewhat subcategory of the work examined here in this paper.
For example, one typical work focus on the nonlinear Schrödinger equation of GPE type without
external harmonic potential, and although not stated explicitly in the work,6 there are relationship
formula connecting the variable coefficients of the equation terms, the interdependence is necessary
in order to ensure the generation of consistent ODEs that are derived from G /G-expansion method
of original version. Also the kind of original G /G expansion method presented did not identify
the expected solution in such exhaustive way as to include the solution of the form of hyperbolic
functions that show up in the approach of F-expansion. Another work although include external
harmonic potential in the GPE equation treated,5 the nonlinear term of the studied equation however
is confined to a special single case of integer (corresponds to the case of γ = 1) polytropic index,
also the work explicitly stated the differential equation(s) demonstrating the interdependence of the
variable coefficients of the equation terms. The work presented in this paper excels in the way that it
makes a more thorough treatment of the GGPE eliminating the various restrictions just mentioned.
To find the exact solutions of such GGPE, we proceed within the framework of traveling wave
solution format and adopt F-expansion method in combination with delicate modified lens-type
transformation towards ultimate solution of the problem.14, 33
The paper is arranged as follows, in the next section, we give the outline of solution finding
strategies and main results, followed by commentary explanation and discussion in Sec. III, with
concluding and summarization statement for the work presented given in the last section.

II. METHODOLOGIES
A. Problem formulation

The 1D generalized Gross-Pitaevskii equation (GPE) reads
i

2 ∂ 2
∂ψ(x, t)
1
=−
ψ(x, t) + k(t) mω2 x 2 ψ(x, t) + g(t)|ψ(x, t)|2γ ψ(x, t)
∂t
2m ∂ x 2
2

(1)

where γ is an real constant for the polytropic index of the nonlinear term determined by experiment
that is elaborated34–43 with the variation of γ corresponding to different superfluid regimes. The first
term on the right hand side of (1) is dispersion term, whereas the second term on the right-hand side
is arising from external harmonic potential, the third term is interaction term with Landau coefficient
g(t) > 0 corresponding to repulsive interaction, g(t) < 0 corresponding to attractive interaction. The
GGPE (1) is the reduction from its 3D analog in certain scenario like elongated external harmonic
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potential (V (r) = 12 m(ωρ2 ρ 2 + ωx2 x 2 ) with ωρ  ωx , ωx2 is incorporated into k(t) in our problem), as
discussed in some prior works.44, 45
To eliminate the interdependence between k(t) and g(t) and allow them vary freely, we introduce a parameter function σ (t) into the coefficients of the above equation through the following
transformation

2mω

σ (t  )x,
x =
(2a)

t  = ωt,
ψ(x, t) = σ 1/2 (t  ) exp[i(

(2b)


mω σt  (t ) 2
x )]ϕ(x  , t  )
 σ (t  )

(3)

Formula (3) can be thought as modified lens-type transformation.46, 47 Substituting (3) and (2) into
Eq. (1) and changing notation from (x , t ) to (x, t) we get the generalized GP equation with modified
coefficients as





σt (t) 2 1 σt (t)
k(t)
g(t) γ
2
x 2ϕ +
−
σ (t)|ϕ|2γ φ = 0
iϕt + σ (t)ϕx x +
−
(4)
4σ 2 (t)
σ (t)
4 σ (t) t
ω
Assume the wavefunction is of the form
ϕ(x, t) = v1/γ (x, t)eiθ(x,t)

(5)

substitute (5) into Eq. (4), we get the following equations for v(x, t) and θ (x, t)
v2 θt + σ 2 (t)(a0 vvx x + b0 v2x + v2 θx2 ) + α(t)x 2 v2 + β(t)v4 = 0

(6a)

vt + σ 2 (t)(2vx θx + γ vθx x ) = 0

(6b)
γ

where α(t) = k(t)/4σ (t) − (σ t (t)/σ (t)) − (σ t (t)/4σ (t))t , β(t) = g(t)σ (t)/ω, a0 = −1/γ , and b0
= −(1 − γ )/γ are constants. In the ensuing equations solving steps we will work on Eqs. (6) towards
the final solution of the GGPE.
2

2

B. Method outline

To solve equation set (6) analytically, we utilize the F-expansion method, which is applicable
to solving nonlinear partial differential equation of the form
G(u, u t , u x , u x x , . . .) = 0

(7)

Where G is polynomial of unknown function u(x, t) and its partial derivatives of various order. The
basic idea of F-expansion is trying to express the unknown function as polynomial of F(ξ ), with
F(ξ ) defined as function of ξ = p(t)x + q(t) like
d2
3
1
F(ξ ) = c0 (2F 3 (ξ ) + λF 2 (ξ ) + μF(ξ ) + η)
2
dξ
2
2

(8)

where λ, μ and η are constants. Multiplying both sides of definition (8) by dF(ξ )/dξ and integrating
once, we get the expression for dF(ξ )/dξ :

d F(ξ )
(9)
= ± c0 (F 4 (ξ ) + λF 3 (ξ ) + μF 2 (ξ ) + ηF(ξ ) + ς )
dξ
We denote the unknown function u(x, t) as
u(x, t) =

m


h i (t)F i (ξ ), h m (t) = 0

(10)

i=0

After substituting (10) into original nonlinear partial differential equation (7) and making use
of relations (8) and (9), we can determine m by balancing between highest differential term and
nonlinear term and express G in (7) as a polynomial of F(ξ ) plus another polynomial of F(ξ ) times
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dF(ξ )/dξ . The Eq. (7) is solved by setting the coefficients of all terms (F i (ξ ) and Fj (ξ )dF(ξ )/dξ ) of
G to zero. This will result in a set of over determined ODEs for hi (t), that will put unknown function
u(x, t) shown in (10) in a explicit form if the ODEs are solved consistently.
C. Procedural details and results

To proceed with F-expansion problem solving strategy for Eq. (6), we assume v(x, t) and θ (x,
t) in Eq. (6) are of the form
v(x, t) =

m


h i (t)F i (ξ )

(11)

i=0

θ (x, t) = (t)x 2 + (t)x + (t)

(12)

with ξ and F(ξ ) defined as in (8) and (9). The highest power index m in (11) is set by balancing
between the highest derivative term and nonlinear term when substituting (11) and (12) into Eq. (6)
and making use of (8) and (9). The balancing formula is 2m + 2 = 4m, so m = 1; hence v(x, t) in
(11) is written as
v(x, t) = h(t)F(ξ ) + f (t)

(13)

After plugging the formatted solutions (12) and (13) into Eq. (6), making use of formulae (8) and (9),
we have two equations of (6) expressed as polynomials for xj Fi (ξ )(F (ξ ))r , where j = 0, 1, 2; i ∈ [0,
4], and r = 0 or 1. Setting the coefficients of every term xj Fi (ξ )(F (ξ ))r to zero, we get the following
set of ODEs. For Eq. (6a), we have
x 2 F 2 (ξ ) :
x 2 F(ξ ) :
x2 :
x F 2 (ξ ) :
x F(ξ ) :
x:

h 2 (t)[ (t) + 4σ 2 (t)2 (t) + α(t)] = 0,

(14a)

2h(t) f (t)[ (t) + 4σ 2 (t)2 (t) + α(t)] = 0,

(14b)

f 2 (t)[ (t) + 4σ 2 (t)2 (t) + α(t)] = 0,

(14c)

h 2 (t)[  (t) + 4σ 2 (t)(t)(t)] = 0,

(15a)

2h(t) f (t)[  (t) + 4σ 2 (t)(t)(t)] = 0,

(15b)

f 2 (t)[  (t) + 4σ 2 (t)(t)(t)] = 0,

(15c)

and
F 4 (ξ ) :

h 2 (t)[2a0 σ 2 (t) p 2 (t) + b0 σ 2 (t) p 2 (t) + β(t)h 2 (t)] = 0,

F 3 (ξ ) :

3
h(t){σ 2 (t) p 2 (t)[(2 f (t) + λh(t))a0 + λb0 h(t)]
2
+4β(t) f (t)h 2 (t)} = 0,

F 2 (ξ ) :

(16c)

h(t){2 f (t)( (t) + σ 2 (t)(t)2 ) + σ 2 (t) p 2 (t)
×[(μf (t) +

F 0 (ξ ) :

(16b)

h(t){h(t)( (t) + σ 2 (t)(t)2 ) + σ 2 (t) p 2 (t)
3
×[( λ f (t) + μh(t))a0 + μb0 h(t)] + 6β(t)h(t) f 2 (t)} = 0,
2

F(ξ ) :

(16a)

λ
h(t))a0 + ηb0 h(t)] + 4β(t) f 3 (t)} = 0,
2

(16d)

f 2 (t)( (t) + σ 2 (t)(t)2 ) + σ 2 (t)h(t) p 2 (t)
1
×[ ηa0 f (t) + ς b0 h(t)] + β(t) f 4 (t) = 0.
2

(16e)
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While for Eq. (6b) we have
x F  (ξ ) :

h(t)[ p  (t) + 4σ 2 (t)(t) p(t)] = 0,

(17a)

F  (ξ ) :

h(t)[q  (t) + 2σ 2 (t) p(t)(t)] = 0,

(17b)

F(ξ ) :

h  (t) + 2γ σ 2 (t)(t)h(t) = 0,

(18a)

F 0 (ξ ) :

f  (t) + 2γ σ 2 (t)(t) f (t) = 0.

(18b)

and

From the above ODEs (14)–(18), we can see by introducing new parameter function σ (t), both
k(t) (in α(t)) and g(t) (in β(t)) can change freely, unlike many other works done on GPE in which the
coefficient of external potential term k(t) and the coefficient of nonlinear term g(t) are interdependent
(enforcing a relationship formula connecting them). Also Eqs. (17) and (18) are made consistent in
our approach as they are easily overlooked in other related work adopting G /G method.
Since we are interested in soliton-like solutions, we require F(ξ ) falling into certain format by
setting λ = η = ς = 0 and μ < 0 (so F(ξ ) ∼ sech(cξ ) for c0 < 0). The above ODEs can be solved
analytically with such simplification, with solutions expressed as (We express unknown functions
of t in (t) and σ (t) whose analytical forms are analyzed in the end):
t

p(t) = C1 exp[−4
t

q(t) = −2C1 C2

σ 2 (s)(s)ds]

[σ 2 (s) · exp(−8

(t) = C2 exp[−4

t

s

σ 2 (z)(z)dz)]ds

σ 2 (s)(s)ds]

(t) = −[(a0 + b0 )μC12 + C22 ]
h(t) = C3 exp[−2γ

(19a)

t

t

[σ 2 (s) · exp(−8

(19b)
(19c)

s

σ 2 (z)(z)dz)ds]

σ 2 (s)(s)ds]

f (t) = 0

(19d)
(19e)
(19f)

F(ξ ) =
F(ξ ) =

v(x, t) =
v(x, t) =

√

√
√

√
−μsech( −μ(ξ − ξ0 )), c0 = −1

(20a)

√
−μ sec( −μ(ξ − ξ0 )), c0 = 1

(20b)

√
−μh(t)sech[ −μ( p(t)x + q(t) − ξ0 )], c0 = −1

√
√
−μh(t) sec[ −μ( p(t)x + q(t) − ξ0 )], c0 = 1

(21a)
(21b)

Where C1 , C2 , μ and ξ 0 are arbitrary constants, σ (t) and (t) are determined by the following pair
of equations:
σ  (t) +

g  (t)
σ (t) − 4σ 3 (t)(t) = 0,
(2 − γ )g(t)

 (t) + 4σ 2 (t)2 (t) +

σ  (t) 2 1 σ  (t) 
k(t)
−(
) − (
) = 0,
2
4σ (t)
σ (t)
4 σ (t)

(22a)
(22b)
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FIG. 1. The diagrams of soliton width p(t)σ (t) evolution with time (upper solid line) and the time-dependent soliton peak
position χ (t) = q(t)/[p(t)σ (t)] (lower dashed line).

where g(t) and k(t) are arbitrary functions of t; however, we always have constants g(t) = g and k(t)
= k in experiments. So σ (t) can be directly expressed by (t) from Eq. (22a) as
σ (t) = ±(C4 − 8

t

(s)ds)−1/2

(23)

with certain constant C4 . Substituting above Eq. (23) into Eq. (22b), we get
(2σ 2 (t) + 1) (t) + 4σ 2 (t)2 (t) + kσ −2 (t) = 0

(24)

which can be solved for (t) analytically. Since generally (t) can not be expressed in simple
rudimentary function form, we omit the formula that shows explicit expression for (t) here.
Fortunately, for interested case where both k(t) and g(t) are constants, we can bypass the explicit
expression for (t) and reach directly the explicit expressions for the parameters in final solution,
as explained in the following section.
III. COMMENTS AND DISCUSSIONS

We look at the solution for the simplified case (μ < 0, λ = η = ς = 0) obtained in previous
section. We are interested in |ψ(x, t)|, returning to original coordinates (assuming m = 1,  = 1, ω
= 1), from Eqs. (2), (3), (5), and (21), we get
⎧
⎨ σ (t)(−μh(t)2 )1/2γ sech1/γ [√−μ( p(t)σ (t)x + q(t) − ξ0 )], c0 = −1
(25a)
|ψ(x, t)| = 
⎩ σ (t)(−μh(t)2 )1/2γ sec1/γ [√−μ( p(t)σ (t)x + q(t) − ξ )], c = 1
(25b)
0
0
where σ (t), h(t), p(t), q(t) are given in (19). We are particularly interested in the bright soliton solution
given in (25a) for μ < 0 and c0 = −1. In this case, with k(t) = k, g(t) = g as constants, from previous
analysis (19a) and (23), it is not hard to see that p(t)σ (t) = κ is constant, q(t) =√ t( is constant), the
solution (25) in this situation is of bright soliton type(|ψ(x, t)| ∼ sech1/γ ( −μ(κ x +  t − ξ0 )))
moving with constant speed  /κ. When g(t)(or k(t))depends on t, p(t)σ (t), which indicates the
compressing ratio of the travelling wave along the x-direction, generally is not constant and the
format of q(t)/(p(t)σ (t)) is complicated, which mean that there is shape variation in the traveling
wave and the wave peak move with acceleration. For the case g(t) ∼ 1.0 + exp ( − 0.1t2 ), Fig. 1
show the variation of p(t)σ (t) and peak position χ (t) = q(t)/(p(t)σ (t)) with t. Fig. 2(a) show the
modulation effect on wave shape from the time varying g(t) mentioned above for γ = 1.0, we can
see that the soliton shape changes with time as it moves. Also the nonlinear term power index γ will
affect the wave shape, Fig. 2(b) show the effect of γ on the wave shape at t = 0.
Also our analysis could be extended based on the ODEs (14), (15), (16), (17) and (18) to find
more solution to the GGPE. If we set λ = η = 0, μ < 0, ς = μ2 /4 and c0 = −1 in Eq. (9), we have
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FIG. 2. Change of shapes of wavefunction |ψ(x, t)| with time t for γ = 1.0 and (b) polytropic index γ in different superfluid
regimes.

very slight change in the original ODEs and the solution for μ < 0 is

√
|ψ(x, t)| = σ (t)(−μh 2 (t))1/2γ tanh1/γ [ −μ( p(t)σ (t)x + q(t) − ξ0 )]

(26)

with σ (t), h(t), p(t), q(t) given by the same formula as Eq. (19). When k(t) and g(t) are constants,
p(t)σ (t) is constant, Eq. (26) is of dark soliton type, also when g(t) or k(t) (or both) has time
dependence, generally there will be modulation effects on the shape of traveling wave which normally
has non-zero acceleration.
The analysis and results already presented to this point should be typical, we could leave
extended study, for example more solution format for F(ξ ), and so for ψ(x, t) to future work.
IV. CONCLUSION

In this paper, we find exact solutions for much broader category of 1D generalized GrossPitaevskii equation. We work on the GGPE with arbitrary variable coefficients for both the external
potential term and nonlinear term, which unlike many other previous work on GPE which require
a constraint formula connecting two variable coefficients of the two equation term. Our aim was
fulfilled through the modified lens-type transformation, with F-expansion method adopted to find the
analytical solutions of the original GGPE. By appropriate setting for the parameters in F-expansion,
we got soliton like traveling wave solutions which are similar to solutions from previous work on
GPE but with general time modulation to the amplitude and shape of the traveling wave for variable
coefficients of the equation terms.
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